Abstract-This paper derives mathematical expressions for the SINR distribution in systems with linearly precoded multiuser MIMO and frequency domain packet scheduling. The packet scheduler is able to exploit the available multiuser diversity in both time, frequency and spatial domains. Our analysis model is confined to 3GPP downlink transmission in which we specifically investigate the Single User (SU) and Multi-user (MU) Spatial Divsion Multiplexing (SDM) MIMO schemes. From the analytical results we find that the outage probability for systems using the SU-MIMO scheme is larger than the one for the MU-MIMO scheme. Also, in comparison to systems without precoding, linear precoding can improve the outage probability.
I. INTRODUCTION

L
INEAR precoding for multiuser Multiple-Input MultipleOutput (MIMO) systems has attracted much attention recently due to the capacity enhancement ability at the system level. In [1] , [2] , the interaction between packet scheduling and array antenna techniques is studied based on a system level simulation model. Analytical study on the interactions between multiuser diversity and spatial diversity is investigated in [3] with the focus on space time block coding. To the authors knowledge, theoretical analysis of linearly precoded multiuser Spatial Division Multiplexing (SDM) MIMO systems combined with Frequency Domain (FD) packet scheduling has not been studied so far.
This paper is about the analysis of the distribution of Signal to Interference plus Noise Ratio (SINR) for multiuser spatial multiplexing MIMO systems in combination with the base station based packet scheduler. The packet scheduler is used to exploit the available multiuser diversity in the time, frequency and spatial domains. While the method of analysis is quite general, and thus applicable to general packet based systems, in this work we base our study specifically on 3GPP UTRA Long Term Evolution (LTE) downlink [4] packet data transmission. In this specific setting we derive novel mathematical expressions for the SINR distribution in a number of cases.
II. SINR DISTRIBUTION FOR LINEARLY PRECODED SDM MIMO SCHEMES
The basic scheduling unit in UTRA LTE is regarded as the Physical Resource Block (PRB), which consists of a number of consecutive OFDM sub-carriers reserved during a fixed number of OFDM symbols. With the localized transmission scheme, two SDM schemes are now under investigation, they are Single User (SU) MIMO and Multi-User (MU) MIMO schemes. They differ in terms of the freedom allowed to the scheduler in the spatial domain [4] . For SU-MIMO scheme, only one single user can be scheduled per PRB. For MU-MIMO scheme, multiple users can be scheduled, one user for each substream per PRB.
The FD scheduling algorithm used in this work is the FD Proportional Fair (PF) packet scheduling algorithm which is being investigated under LTE. With simplified assumptions similar to [5] , i.e., user's fading statistics are independent identically distributed and there is (approximately) an linear relationship between the throughput and the SINR, the PF scheduling algorithm can be seen as a selection diversity process which selects the users with the best unified effective SINR. The unified effective SINR is defined as the equivalent single SINR which offers the same instantaneous (Shannon) capacity as a MIMO scheme with multiple streams, see [5] . The purpose of introducing unified SINR is to make the SINR comparison between SU and MU MIMO schemes easier.
The system considered here has n T transmit antennas at the Base Station (BS) and n i R receive antennas at the ith Mobile Station (MS), i = 1, 2, · · · , K. Without loss of generality, we assume that all the MSs have equal number of antennas n R , and denote by M = min(n T , n R ), N = max(n T , n R ).
In general, the received signal vector at the ith MS can be modeled as
where n i ∈ C nR×1 is a circularly symmetric complex Gaussian noise vector with zero mean and covariance matrix
is the channel matrix between the BS and the ith MS and s i ∈ C Q×1 is the transmit signal vector with elements picked from a unit energy constellation. B i ∈ C nT ×Q is the transmit precoding matrix for the ith MS, where Q is the number of data streams. With a linear Minimum Mean Square Error (MMSE) receiver, also known as a Wiener filter, under the sum power constraint, the optimum precoding matrix can be expressed as [6] . Here U i is an n T × Q eigenvector matrix with columns corresponding to the Q largest eigenvalues of the matrix
Q×Q is an unitary matrix and Σ i is a diagonal matrix with the jth diagonal entry Σ i (j, j) represents the power allocated to the jth established data substream, j ∈ {1, 2, · · · , Q}.
The first item on the right hand side of (1) MUI can be eliminated by assigning users to distinct subcarrier groups, (i.e., PRBs) based on OFDMA. In this case, (1) can be simplified as a single user MIMO system.
For the MU-MIMO SDM scheme of LTE downlink localized transmission, a special restriction is applied on the scheduler: Only the users with the same preferred precoding matrix B i can be spatially multiplexed into one PRB, with users occupying different substreams [4] , [5] . In this case, the received signal vector at the ith MS can also be modeled as a single user MIMO system. Different from the case in SU-MIMO transmission, the transmitted data vector s i contains data from all users scheduled on the same PRB.
For a linearly precoded MIMO scheme using the linear MMSE receiver, the received SINR at the jth spatial substream of the ith MS, can be related to its Mean Square Error (MSE) as [6] . For Schur-Concave objective functions, e.g., minimization of the weighted sum of the MSEs, the instantaneous SINR can be expressed as [6] 
where λ j is the jth non-zero largest eigenvalue of the matrix [7] .
A. Linearly Precoded SDM SU-MIMO Schemes
Now let us look at the joint density of the eigenvalues. The joint density function is needed to find the distribution of the unified effective SINR. For a linearly precoded spatial multiplexing MIMO scheme with 2 transmit antennas and 2 receive antennas, the joint density function of the SINRs of the two (assumed) established substreams is then given by
Let x = 1 + γ 1 and y = 1 + γ 2 , then the unified effective SINR is given by Γ e = xy − 1, and the distribution function of Γ e can be expressed as
where g(γ, v) is given by (5). For localized downlink transmission with the SU-MIMO SDM scheme with linear precoding, applying the FD PF scheduling algorithm (as described previously) under the assumption of identical distribution of all effective SINR for all users, the probability that the SINR of a scheduled user is less than a certain reference SINR value i.e., the CDF of the post scheduling SINR per PRB can be computed by
where K is the number of active users in the cell. (6) represents the distribution of the best user, i.e., the largest effective stream SINR among the K users.
The PDF of the effective post scheduling SINR for the linearly precoded SDM SU-MIMO scheme can be obtained by differentiating its distribution function,
B. Linearly Precoded SDM MU-MIMO Schemes
Unlike SU-MIMO schemes where substreams are assigned to only one single user, in MU-MIMO schemes multiple users can be assigned to different substreams of each PRB, i.e., one substream per user. In order to calculate the unified effective SINR for the scheduled users per PRB, we need to find the distribution of the instantaneous SINR of each substream. This requires the derivation of the marginal Probability Density Function (PDF) of each eigenvalue.
A complicated expression of the distribution of the largest and the smallest eigenvalues can be found in the literature, but not for the other eigenvalues. In [7] , an approximated expression of the marginal PDF of eigenvalues is given as
where β(i) = (n T − i + 1)(n R − i + 1) and
It was verified by simulations in [7] that despite its simple form, (8) provides an accurate estimation of eigenvalues distribution of the complex central Wishart matrix HH H for Rayleigh MIMO fading channel matrix H.
Based on (2) and (8), the density function of the instantaneous SINR of the ith substream can be expressed as
The outage probability, which is defined as the probability of the SINR being less than the targeted SINR within a specified time period, is a statistical measure of the system. From the definition, the outage probability is simply the Cumulative Distribution Function (CDF) of the SINR evaluated at the targeted SINR. The outage probability can be obtained by
For LTE localized downlink transmission with a linearly precoded MU-MIMO scheme, we can schedule multiple users per PRB, i.e., one user per substream. As shown earlier, the density function and the distribution function of the instantaneous SINR of each substream for single user case are given by (10) and (11), respectively. With multiple users case using the MU-MIMO SDM scheme and the FD PF packet scheduling algorithm, the distribution function of the instantaneous SINR for the ith substream of each PRB can be obtained as Inserting (11) into (12), then we have
(13) The density function of the instantaneous SINR of the ith substream of each PRB with linearly precoded MU-MIMO scheme using FD PF packet scheduling algorithm can then be obtained by differentiating (13).
Note that for a dual substream linearly precoded SDM MU-MIMO scheme with FD PF packet scheduling algorithm, the distribution of instantaneous SINRs for the two substreams within a PRB is different. Consider the baseline antenna configuration of LTE, i.e., 2 antennas in both transmitter and receiver side. The distribution of the unified effective instantaneous SINR of the two substreams of each PRB for this case can be obtained by Fig. 1 shows stream SINR distributions per PRB for single user dual stream MIMO and for LTE localized downlink transmission using precoded SDM MIMO schemes with baseline antenna configuration. The post scheduling multiuser effective SINR distributions for different scenarios are also shown. The number of users, i.e., the user diversity order, is 10. These plots are obtained under the assumption of evenly allocated transmit power at the two transmitter antennas, and a transmitted signal to noise ratio equal to 20 dB. For other parameters of the considered systems, we refer to, e.g., [4] , [5] .
It can be seen that for SU-MIMO scheme, the multiuser diversity gain (as shown in Fig. 1 ) at the 10th percentile of the post scheduled SINR per PRB is about 11 dB with 10 users. It is about 2 dB worse than the one for MU-MIMO scheme. This is due to the fact that SDM MU-MIMO can further exploit multiuser diversity in the spatial domain. Fig. 2 shows the SINR distribution for systems with and without precoding. Compared with the system without precoding, the precoding scheme improves the SINR distribution for both of the investigated SDM schemes. At the 10th percentile of the post scheduled SINR, precoding gain for SU-MIMO scheme is about 3 dB, while for MU-MIMO scheme, it is about 1.5 dB.
III. CONCLUSION
In this paper, we analyzed multiuser downlink SINR distribution for linearly precoded SDM MIMO schemes in conjunction with base station based packet scheduler. In general, the outage probability for systems using SU-MIMO scheme is larger than the one with MU-MIMO scheme. Compared with the systems without precoding, linear precoding can improve the outage probability.
